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Abstract. We will prove a global estimate for the gradient of the solution 
to the Poisson differential inequality |AM(a;)| < a|V«(x)p + 6, a; £ _B", 
where a, fe < oo and u\gr,-i £ C^-" R™). If m = 1 and a < (n + 

l)/(|'i|oo4n-y^), then |Vti| is a priori bounded. This generalizes some similar 
results due to E. Heinz ([13]) and Bernstein ([3]) for the plane. An applica- 
tion of these results yields the theorem, which is the main result of the paper: 
A quasiconformal mapping of the unit ball onto a domain with smooth 
boundary, satisfying the Poisson differential inequality, is Lipschitz continu- 
ous. This extends some results of the author, Mateljevic and Pavlovic from 
the complex plane to the space. 
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1. Introduction and statement of main results 

In the paper i?" denotes the unit ball in M", and denotes the unit sphere 

{n > 2). We consider the vector norm = (X]r=i^i)^^^ ^^^"^ matrix norm 
\A\ = max{|Ax| : |a;| = 1}. Let fl C M" and n' C be open sets and let 
u : —^ fl' he a differentiable mapping. By Vm we denote its derivative, i.e. 



Vu = 



/ DiUi . . . DnUi ' 
\DiUyn ■ . . DnUn 
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If n — m, then the Jacobian of u is defined by Ju = det Vm. The Laplacian of a 
twice differentiable mapping is defined by 



u. 

i=l 



The solution of the equation Am = g (in the sense of distributions see [T7]) in 
the unit ball, satisfying the boundary condition Ml^n-i — f G L^{S"~^), is given 

by 

u{x)= f P{x,7j)f{Tj)da{v)~ f G{x,y)giy)dy,\x\<l. (1.1) 



Here 

1 - bp 

P{x,fj) = - ^ (1.2) 

\x — ?7|" 

is the Poisson kernel and da is the surface n—1 dimensional measure of the Euclidean 
sphere satisfying the condition: Jg„-i P{x,rj)da{ri) = 1. The first integral in (jl.ip 
is called the Poisson integral and is usually denoted by P[f]{x). It is a harmonic 
mapping. The function 

y) = (|^_y|n-2 - (|l + |a;|2|y|2_2(x,y))("-2)/2) ' ^^'^^ 

where 

Cn = 7 (1.4) 

and LOn-i is the measure of 5'""^, is the Green function of the unit ball. The Poisson 
kernel and the Green function are harmonic in x. 

Definition 1.1. A homeomorfism (continuous mapping) u : Vl ^ U! between two 
open subsets and of the Euclidean space M" will be called a K {K > 1) 
quasi- conformal {quasi-regular) or shortly a q.c. (q.r.) mapping if: 

(i) u is absolutely continuous function in almost every segment parallel to some 
of the coordinate axes and there exist partial derivatives which are locally L" inte- 
grable functions on fi. We will write u E ACL". 

(ii) u satisfies the condition 

^^^^^ < \Ju{x)\ < Kl{Vu{x)r (^rZ!^lt < < KliVuix))""^ (1.5) 

for almost every x in where l{u'{x)) := inf{|Vu(x)C| : |C| — 1} and Ju{x) is the 
Jacobian determinant of u (see |33j or [37]). 

We refer also to the monographs [34] and [35] for the basic theory of quasiregular 
mappings. 

Notice that the condition u G ACL" guarantees the existence of the first deriv- 
ative of u almost everywhere (see [33] ). Moreover Ju{x) = det(Vu(x)) ^ for a.e. 
a; G r2. For a continuous mapping u, the condition (i) is equivalent to the fact that 
u belongs to the Sobolev space W^^y^^{Vi). 

For a function (a mapping) u defined in a domain O we define \u\ = |u|oo = 
sup{|M(a;)| -.xEn}. We say that u € C'='"(f)), < a < 1, fc G N, if 
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It follows that for every a G (0, 1] and I e N 

\u\i := J2 < \u\i,c.. (1.6) 

\p\<i 

Wc first have that for u € C^-'^{n) 

\u{x) - u{y)\ < \u\i^a\x - y\ for every x,y efl, (1.7) 
and for real u S C^'"(ri) 

lu'li < 2|m|o|m|i,„. (1.8) 
More generally, for every real differentiable functfon r and real u € C^'"(r2), we 
have 

|t(u)|i < |t'(u)|o|u|i,„. (1.9) 
Let have a C'''" boundary dil. 

The norms on the space C'^'°'{dil) can be defined as follows. If uq G C'^''"(9ri) 
then it has a C*"''" extension u to the domain ft. The norm in C'''"{dil) is defined 
by: 

\uo\k,a := inf{|-u|n,fc,Q : ""lao = uo}- 
Equipped with this norm the space C'''"{dfl) becomes a Banach space. See also flM 
p. 42] for the definition of an equivalent norm in C'^'"{dfl), by using the partition 
of unity. 

One of the starting points of this paper is the following theorem which was one 
of the main tools in proving some recent results of the author and Mateljevic (see 
[H] and [ini)- 

Proposition 1.2. (Heinz-Bernstein, see [3] and [13]). Let s : U ^ M (s -.V ^ 

B^) be a continuous function from the closed unit disc U into the real line ( closed 
unit hall) satisfying the conditions: 

(1) s is 6*2 on U, 

(2) Sb{e) = s(e'») IS C with K = max^e[o.2^) I0(e^'")l, and 

(3) |As| < a|Vsp + 5 OK U for some constants a < oo (a < 1/2 respectively) 
and b < oo. 

Then the function |Vs| is bounded on V by a constant c{a,b,K). 

The Heinz-Bernstein theorem appeared on 1910 in the Bernstein's paper [3] and 
was reproved by E. Heinz on 1956 in 13J. This theorem is important in connection 
with the Dirichlet problem for the system 

Am = Q ■^^,u,xi,X2^ ]u = (mi(xi, a:;2), . . . ,Ura{xi,X2)), (1-10) 

where Q — {Qi, ■ ■ ■ , Qm), and Qj are quadratic polynomials in the quantities 
i = 1, . . . , m, fc = 1, 2 with the coefficients depending on u and {xi,X2) G An 
example of the system (|1.10p is the system of differential equations that present a 
regular surface S with fixed mean curvature H with respect to isothermal parame- 
ters (xi, X2)- Also it is important in the connection with minimal surfaces and the 
Monge- Ampere equation. 

We will consider the n dimensional generalization of the system (|1.10p . Indeed, 
we will consider a bit more general situation. Assume that a twice differentiable 
mapping u = u{xi, . . . ,x„) satisfies the following differential inequality, which will 
be the main subject of the paper: 
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|Au| < a|Vu|^ + 6 where a,6 > 0. (1.11) 

The inequahty (jl.lip will be called the Poisson differential inequality. 

Recall that the harmonic mapping equations for u = {u^, . . . m") : A/" — > of 
the Riemann manifold Af = (-B", {hjk )) into a Riemann manifold A4 = (fi, {gjk )) 
{n c R") are 

n n 

l/ipi/^ ^ J2 rl,{u)Do,u''Dpu', 1 = 1,..., n, {1.12) 

a,/3=l a,f3,k,e=l 

where T^ki are Christoffel Symbols of the metric tensor {gj/. ) in the target space 
M: 

1 M - 2^ I + ~ ) ~ 2^ ^^"'^''^ ^"^^'^ ~ 9M,m), 

the matrix {g^'^ ) ( (/i-''^ )) is an inverse of the metric tensor [gjk ) {{hjk )), and 
\h\ = det{hjk ). See e.g. [18\ for this definition. 

Remark 1.3. // Christoffel Symbols of the metric tensor (gjk ) are bounded in M, 
and if the metric inAf is conformal and bounded i.e. ifhjk{x) = p{x)Sjk, such that 
p is bounded in Af then u satisfies (II. lip . 

Note that the Poisson differential inequality is related to the problem 

-dw{A{-,u)Vu) = f(-,u,Vu), (1.13) 

where x £ B'\r) := rB^\ u{x) G R™ and each A{x, u), for x e R" and u G R™ is an 
endomorphism on Hom(R", R™) satisfying uniformly strongly elliptic and uniformly 
continuous conditions; moreover / satisfies the following so called natural growth 
condition (see [5]) 

\fix,u,p)\<air)\pf + b (peHom(R",R")). (1.14) 

The problem of interior and boundary regularity of solutions to (I1.13P has been 
treated by many authors, and among many results, it is proved that, every solution 
of (jl.l3p . under some structural conditions and some conditions on the domains 
and initial data, has Holder continuous extension to the boundary and is C^'" 
inside. See [12j for some recent results on this topic and also [8] and T5] for earlier 
references. 

In this paper we generalize Proposition 11.21 for the space. Namely we prove the 
theorems: 



Theorem A. Let s : i?" — )■ R™ be a continuous function from the closed unit ball 
_B" into R™ satisfying the conditions: 

(1) s IS on B", 

(2) s : R™ IS C^'" and 

(3) |As| < a|Vsp + & on for some constants b and a satisfying the condition 
2a < |s|oo := max{|s(x)| : x £ B"}. 

Then the function |Vs| is bounded on B" . If a < Cn/\s\oo where 

^ _ (n+l)0Fr((n + l)/2) 

^" - 8nr(n/2 + 1) ^^'^^^ 
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then |Vs| is bounded by a constant C{a,b,n,M), where M — \ s\sn-i 

Theorem B. Let s : B" —^Kbea continuous function from the closed unit ball 
i?" into R satisfying the conditions: 

(1) s is 6*2 on B", 

(2) s : ~*Ris C^'" and 

(3) |As| < a|Vsp + b on B" for some constants a and b. 

Then the function |Vs| is bounded on . 

If a < Cn/\s\oo then |Vs| is bounded by a constant C{a,b,n,\u\sn-i |i.q). 

According Remark 11.31 it follows that Theorem A is a partial extension of [HI 
Theorem 4, (ii)] where it is proved a similar result, for the family of harmonic 
mappings w : A/" — > 7W, which map the manifold Af into a regular ball Br{Q) C M. 

Theorem A and Theorem B roughly speaking, assert that every solution to Pois- 
son differential inequality has a Lipschitz continuous extension to the boundary, if 
the boundary data is C^'". 

An application of Theorem B yields the following theorem which is a general- 
ization of analogous theorems for plane domains due to the author and Mateljevic 
(see [23j and i20j). 

Theorem C. Let u : B" — s- 51 6e a twice differentiable quasiconformal mapping of 
the unit ball onto the bounded domain Q, with boundary, satisfying the Poisson 
differential inequality. Then Vm is bounded and u is Lipschitz continuous. 

Remark 1.4. Every mapping satisfies locally the Poisson differential inequality 
and is locally quasiconformal provided that the Jacobian is non vanishing. Thus the 
family of mappings satisfying the conditions of Theorem C is quite large. According 
to Fefferman theorem ([S]) every biholomorphism of the unit ball onto a domain 
with smooth boundary is smooth up to the boundary and therefore quasiconformal. 
This fact together with the fact that every holomorphic mapping is harmonic, it 
follows that Theorem C can be also considered as a partial extension of Fefferman 
theorem. 

The paper contains this introduction and three other sections. In section 2 
we prove some important lemmas. In section 3, by using Lemma 12.11 and some 
a priori estimates for Poisson equation proved in [10], we prove Theorem A and 
Theorem B, which are a priori estimates and global estimates for the the solution 
to Poisson differential inequality on the space, which are generalization of analogous 
classic Heinz-Bernstein theorem for the plane. In the final section, we previously 
show that, if u : ^ is q.c. and satisfies Pisson differential inequality, then 
the function x{^) — ~d{u{x)), where d{u) = dist(M, 951), satisfies as well Pisson 
differential inequality in some neighborhood of the boundary. By using this fact 
and Theorem B we prove Theorem C. This extends some results of the author, 
Mateljevic and Pavlovic ([13j, [55], [50], [U] and [32) from the plane to the space. 
It is important to notice that, the conformal mappings and decomposition of planar 
harmonic mappings as the sum of an analytic and an anti-analytic function played 
important role in establishing some regularity boundary behaviors of q.c. harmonic 
mappings in the plane ([32] and [23]). This cannot be done for harmonic mappings 
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defined in the space (see [T] , [22] and [36] for some results on the topic of Euchdean 
and hyperbohc q.c. harmonic mappings in the space). The theorem presented here 
(Theorem B) made it possible to work on the problem of q.c. harmonic mappings on 
the space without employing the conformal and analytic functions. Notice that, the 
family of conformal mappings on the space coincides with Mobius transformations. 
Therefore this family is "smaller" than the family of conformal mappings in the 
plane. 



2. Some lemmas 

We will follow the approach used in 13J. The following lemma will be an essential 
tool in proving the main results of Section 3. It depends upon three lemmas. It is 
an extension of a similar result for complex plane treated in |13| . 

Lemma 2.1 (The main lemma). Assumptions: 

Al The mapping u : D ^ B is , D C B" satisfies for x ^ D the differential 
inequality 

\Au\ <a\Vu\^ + b (2.1) 

where < a, 6 < oo. 

A2 There exists a real valued function G{u) of class for |u| < 1 + e (e > 0) 
such that 

|VG|<a (2.2) 
and the function (j){x) — G{u{x)) satisfies the differential inequality 

A^>/3(|Vu|2)-7 (2.3) 

where a, [3 and 7 are positive constants. 
Conclusions: 

C There exists a fixed positive number c'l — ci{a,b,a, P,j,n,u) such that for 
Xo G -D and rg = dist(a:o, dD), the following inequality holds: 



|Vu(a;o)| < c'l ( 1 + ' °'- ° ' ^ ' ^-^j . (2.4) 



If a is small enough (a satisfies the inequality a < C'n i.e. 12.32)) ) then c'l can be 
chosen independently of u. 

Remark 2.2. After writing this paper, the author learned that a similar result has 
been obtained in the paper [T9] . for the class of harmonic mappings. By using the 
fact that the family of bounded harmonic mappings is Holder continuous in com- 
pacts for some Holder exponent cr < 1 (a result obtained in [11]), Jost and Karcher 
proved that c'^ can be chosen independently of u without the previous restriction 
f [l9l Theorem 3.1]). However, it seems that our results are new for the class of 
solutions to Poisson differential inequality and the author believes that c'l can be 
chosen independently of u without the restriction a < C„ = • 
However to prove the main result (Theorem C) we only need an estimate that is 
not necessarily a priori (see Theorem B). 



We will prove the lemma I^TT] bv using the following three lemmas: 
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Lemma 2.3. Letu satisfy the hypotheses oj the lemma \2A\ and let the ball \y—x\ < p 
he contained in D. Then we have for < pi < p the inequality 



I c„|Vup(iy 

J\y-x\<pi 



pi"-2p»-2 /^p2 ^ \ (2-5) 

^ -Tl, — + , max \u(y) - u{x)\ 



Proof. By using (|l.ip we obtain for < 1 — p 
{u{x + pif) — u{x))da{r]) 



r f c c \ (2.6) 

If we now apply the identity (|2.6p to the mapping (j){x) — G{u{x)), by using \\7(f>\ < 
a, we obtain the inequality: 



\y~x\<p 



A(f>dy 



<a \u{x + prj) — u{x)\d<7{T]) < a max \u{y) — u{x)\. 



On the other hand from (|2.3p we deduce 

'\y-x\<p 



|a-2;|<p 



\y-x\<p 



2n ■ 

Combining this inequality with ()2.7|) we obtain 



7P^ a I / N / M 

2/?n \y-x\=p 



Now let < pi < p. From we get 
1 1 



Pi P / J\y-x\<pi 



c„|Vu| 



|j/-x|<p 
,2 



7P' a I / N / N 

/? |y-a;|=p 



(2.7) 



dy (2.8) 



(2.9) 
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and therefore 



/ c„Vw rfy<— — - + - max \u{y)-u{x)\\ 

J\y-x\<p^ P"^^-P" \^Pn P \v-x\=p J 



□ 



Lemma 2.4. Let Y : D ^ B™ be a mapping of a domain D C S". Let 
B^^{xo,p) C D and let Z G M™ 6e any constant vector (n > 3, m G NJ. Then we 
have the estimate: 



n 



|Vy(xo)|<— / \Y{y)~Z\da{y) 

1 /" ( 1 l2/-a;o| 



and 



(2.10) 



|Ay|rfy, 



|Vr(xo)| <2l^ + ^ [ f ^ - ) lAFldy, (2.11) 

where 7„ is defined in (|2.19|) . 
Proof. Assume that u G C^(i3"). From 



v{x) ^ H{x) + K{x) P{x,T])v{Tj)da{T]) ~ G{x,y)Av{y)dy (2.12) 
where _ff is a harmonic function, it foUows that 

v{x)h^ [ P4x,rj)h-virj)d<7{rj)- [ G4x,y)h ■ Av{y)dy. (2.13) 
By differentiating (|1.2p and (|1.3p we obtain 

'^^ |a;-77|» |:e-77|"+2 

and 

(n - 2) (x - h) {n-2)\y\^{x,h)-{n-2){y,h) 
'~^x{x,y)n — Cn j [- c„ 



Hence 
and 

Therefore 
and 



\x-y\^ " (|l + |x|2|y|2-2(x,2/))»/2 



G,(0, y)/! = —^-TJ^ + {v. h) 

LUn-l \yr idn-l 



\Px{Q,ri)h\ < \P,{Q,Tj)\h\=n\h\ (2.14) 
\G.xiO,y)h\ < \GAO,y)\h\ = ^(lyl^-" - \y\)\h\. (2.15) 
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By using (fTTS]) . (|2l4l) and dTTSj) we obtain 

|Vz;(0)/i| < / \P,{0,fi)\\h\\v{7^)\da{rj) + [ \G.,{0,y)\\h\\Av{y)\dy. 
Hence we have 



(2.16) 



|Vw(0)| < n I \v{T])\da{r]) 

\y\'-" - \y\)\Av{y)\dy 



1 

H 

^ri-l J B" 

Let v{x) = Y{xo + px) - Z. Then u(0) = Y{xq) - Z, Vw(0) p'^Y{xq) and 
Au(2/) = p^/SY(x[) + py). Inserting this into (|2.16p we obtain 

p|Vr(xo)| < |VG(0)| + |Vi^(0)| <n [ \Y{xo + pv) - Z\da{r)) 



(2.17) 

+ P' / (|2/r-"-|y|)|Ay(xo+py)|dy. 

^n-l Jb" 

Introducing the change of variables C — ^0 + PV in the first integral and w = xq + py 
in the second integral of (|2.17p we obtain 

|Vr(xo)|<4 / \YiO~Z\da{C) 

i^n-lJ\n,-xo\<p\\'W~Xor P" / 

which is identical with (|2.10[) . To get (|2.1ip we do as follows. We again start by 
^J^. Let v{x) = Y{xo + px). Then H is defined by 



H{x)^ P{x,r])Y{xo + pv)da{rj). 

Applying the Schwartz lemma (see [21 Theorem 6.26]) to the harmonic function 
Hh : X {H{x), h), where /i is a unit vector in M™, we obtain that 

|ViJ(0)| = max I {VH{0)k, h) I = max |Vi?,i(0)| 

fce5"-i Jies™-i l'»l=i 

^ ^ 2(n~ l)c^„_2 ^ 2r(l + n/2) (2-19) 
- ^" ■ " \/^r((n + l)/2) ^ 

Since, 

Y{xo+px) =H{x)+K{x) 

and Vu(0) — p\7Y{xo), by using inequality l|2.19p together with the previous esti- 
mate for I Vis: (0)1, it follows (EU). □ 

Lemma 2.5. Let u : i?" — > K™ he a continuous mapping. Then there exists a 
positive function 6u — ^^(e), e G (0,2), such that if x,y Cz -B", and \x — y\ < (5„(e) 
i/ien \u{x) — u{y)\ < e. 

In [141 Theorem 3] is proved that the family of harmonic mappings u : Af 
which map the monifold Af into the regular ball Br{Q) C is uniformly continuous 
in compact subsets of Af. This implies that the function 5„(e) can be chosen 
independently on u. This fact can improve the conclusion of Lemma 12.11 as it is 
done in [191 Theorem 3.1]. 
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Proof of Lemma \2~T[ In order to estimate the function | Vup in the baU |a:— a:o| < tq 
we introduce the quantity 

M ^ max {ro - \x - xo\)\Vu{x)\. (2.20) 

\x—xo\<ro 

Obviously there exists a point xi : |xi — a;o| < tq such that 

M = (ro- |a;i-a;o|)|Vu(a:i)|. (2.21) 

Let d = ro ~ \xi — xq\ and 9 e (0, 1). If we apply Lemma [2.41 to the case where 
Y{x) — u{x) and Z = u{xi), x = xi and p — dO, and use (|2.21|) . we obtain 

< min{^, -J^, I Hv) - u{xi)\d(T{y)} 



d - 'de' d"6l" 



' \y—xi\=d6 

1 /■ f 1 \y-^i\ 



\Au\dy. 



Using now (|2.ip we obtain 

— - < minj ^ , — — — / \u(y) — u(xi)\d(T(y)} 



t^«-i y|y-:Ei|<de \ \y- ^ 



dy. 



We shall now estimate the right hand side of (|2.22p . First of all, according to 
Lemma [^751 we have for every e > and dd < 6u{s) the inequality: 

/ \uiy)-uix^)\da{y)<^. (2.23) 



On the other hand 



^ / ( 1 - ^n?^) dy = b^de. (2.24) 

Next let A be a real number such that < A < 6*. Then we have the inequality 

1 \y~xiy 



\Vu\'dy 



1 1 ^ , ,2, 



+ (n - 2)adAc„ - jVul^dy. 



d"A 



\y-xi\<d0 



In order to estimate the right hand side of this inequality we first observe that, on 
account of (|2.2ip we have for |a; — xi| < dA the estimate 

iv, ,2 M"^ 
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and therefore 

;[Xd 



d2(l-A)2' (71+1)6"' 

Moreover from Lemma |2.3[ we conclude that 
a 



< - 2)«^-^ (|- + - ^^m^ax^^ K,) - .(.01 ) (2.27) 



Where if := max|^^o|<ro K^) - .(a^o)] - 
Inserting now ^^TM) and (P?771) in (P?^ we obtain 

1 \y-xi\ 



\Vu\''dy 



"^(1- A)2*^ " (n + 1)61" 
+ (n — 2)aA i i i 



< «:77^^(^ - TZ^TT^) (2-28) 



Combining (P?^ (for 6 < (5„(e)/ro), (j^TM)) and (P?^ we conclude from (P?^ that 
the following inequality holds: 



M ^ min{n£,74 ^ ^ ^ ^ ^ 

T- + ^;^'^^ + "d(l-A)2^^- (n+l)0") 

^ (n-2)a A ^\ f -fp^ , 2i^a^^ 



(2.29) 

d(l -6l"-2) 6*2 VV^y V V2/3n ' /? y' 
Myltiplying by d we get: 

n+1 (1-A)2^ (n + l)0"^ 

(n-2)a A //gA" \ / , 2ira\ ^ 
(l-0«-2)02 l^l^^y y ^2/3n /3 J' 

Remember that A and 9 are arbitrary numbers satisfying < A < < 1. The 
inequality (j2.30p can be written in the form 

AAf 2 - M + B>0 (2.31) 

where 



"1^ A"^^ 
"^ = "(1^^^" (n + l)^"^ 



and 
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^ mm{Ti£,7„} n „ 

61 n+1 



(1 - 6l"-2) g)2 J y 2Pn (3 J 
Taking A = sin 9 we obtain that 

, . r4aert2 4art7„. 

lim AAB < mini , —}. 

e^o ~ n+1 n + 1 

Hence 

4Ai? < 1 for e 



4an2 + 1 ' 

whenever 9 < Oq, where 9q is small enough. Observe that in the case 

1^ < 1, (2.32) 

n+1 

9o can be chosen independently of e i.e. independently of u. The inequality ()2.31|) 
is equivalent with 



M < l-Vl-4Ai? ^ M-i9)yM > l + Vl-4^i? ^ ^,^+(^) ^ < (2.33) 

From (|2.33p it follows that only one of the following three cases occur: 

(1) M <M-{9), for^e (0,6io); 

(2) M > M+{9), for 9 e (0,6io); 

(3) there exist 6*1, 6*2 e (0,6(0) (say 6*1 < 6*2), such that M < M-{9i) and 
M > M+(6'2) > M-(6'2). 

As limg^o ^^'^2A^^ ~ ~ the case (2) is not possible. Since M+ and M~ are 
continuous, the case (3) implies that there exists 6*3 e {9i,92) such that M^{93) < 
M < M+{93). Thus the case (3) is also excluded. 

The conclusion is that only the case (1) is true and henceforth 

M< ^ ~ = ^ ^ = C^(if,0o,a,^a,/3,7,ro,n). 

Since d < rg < 1 it follows that d? < rg. Therefore 

M <2B < Ci{a,b,a,(3,j,n,u)iK + ro). (2.34) 
From ro|Vw(xo)| < M it follows the desired inequality. □ 

The following two lemmas, roughly speaking assert that the boundary behavior 
of any solution of the Poisson differential inequality is approximately the same as the 
boundary behavior of the set of two harmonic mappings. They are n— dimensional 
"generalizations" of [131 Lemma 9] and 13, Lemma 9']. Since the proofs in [T3] 
only rely on the maximum principle, the proofs of these lemmas clearly apply to 
n > 2 as well with very small modifications. 

Lemma 2.6. Let u : i?" —^ i?™ be a mapping defined on the unit ball and 
satisfying the inequality 

|Au| < a|Vu|2 + &, (2.35) 
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where < a < ^ and < 6 < oo. Furthermore let u{x) be continuous for \x\ < 1. 
Then we have for x E B" and t G 5"^^ the estimate 



\u{x)-u{t)\<^-^\Y{x)-u{t)\ 



" |F(x)-Kt)n + — -— -(l-l^n, 



(2.36) 



2(1 - 2a) ' ^ ^ I wi I 2n(l - 2a) 
where 

F(x)= [ P(x,7/)|ii(r7)|2da(r;), |x| < 1 (2.37) 

and 

Y{x) - / P{x,Ti)u{r^)da(T^), \x\ < 1. (2.38) 

Lemma 2.7. Let x ■~B^ ^ [-1,1] &e a mapping of the class C'^{B") n C(!B") 
satisfying the differential ineguality: 

|Axl <«|Vx|' + 6 (2.39) 

where a and b are finite constants. Then we have for x G i?" and t G S"^^ the 
estimate 

\xix)-xit)\ < - 

a 



\hP{x) - e"x(*)| + |/i"(a;) - e^'^^'*)! + — e'^(l - \x\) 

n 



(2.40) 



where 

h"\x)= [ P(x,77)e-"x(")da(r/) (2.41) 

and 

hP{x)= [ P{x,ri)e''^^'^Ua{ri). (2.42) 

3. A PRIORI ESTIMATE FOR A SOLUTION TO POISSON DIFFERENTIAL 

INEQUALITY 

Theorem 3.1. Let u : D ^ _B™ be a mapping, satisfying the differential 
ineguality: 

|Au|<a|Vwp + & (3.1) 
where < a < 1 and < b < oo. Then there exists a constant C2 = C2{a,b,n,u) 
such that for xq E D and ro ~ dist(a;o, dD) there holds 

|Vu(xo)| < C2 I IH — I. (3.2) 



// in addition a < Cn then C2 can be chosen independent of u and p.2p is an a 
priori estimate. 

Proof. Let us consider the function G{u) — |up and (j>{x) = G{u{x)). Evidently we 
have 

|VG(m)| = \2u\ < 2 if |u| < 1 (3.3) 

and 

m 

A(f) D^G{u){\/u{x)e^,\/u{x)e^) + {\/G{x), Au{x)) 

i=i (3-4) 

= 2|VmP + 2(w,Au). 
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From p.ip we conclude 

A(/) > 2(1 - a)|Vup - 2&. (3.5) 



The conditions of Lemma [2TT] are therefore satisfied by taking q = 2,/3 = 2(1 — a) 
and 7 = 26. ([312]) follows with 02(0, 5, ti, u) = ci(a, 5, a, /?, 7, n, m). □ 

Theorem 3.2. Letu:B^^ be continuous in B", u\b^ € , u|s"-i € C^'" 
and satisfy the inequalities 

\Au\ <a\Vu\^ + b, x€B", (3.6) 

\u\s^-Ai..c.<K, (3.7) 

where < a < 1/2 and < 6, < 00. T/ien i/iere exisis a fixed positive number 
Ci{a,b,n, K,u) such that 

\\7u{x)\ < C4(a, b, n, K, it), x e B'\ (3.8) 

If in addition a < Cn then 04^(0, b, n, K,u) can be chosen independently of u and 
is an a priori estimate. 



Proof. Let xq — rt £ i?™, t e S"" ^. From Theorem 13.11 we conclude that the 
inequality 

m f \l ^ ( h I ^'^^^\x-xo\<i~r\uix)-u{xo)\ \ 

|Vm(xo)| < C2(a,6, n, u) I IH — 1 (3.9) 

holds. 

We shall estimate the quantity 

Q — max \u{x) — u(xq)\. 

\x — XQ\<l~r 

First of all we have 

\u{x) — u{xo)\ < \u{x) — u{t)\ + \u{xq) — u{t)\ for < 1. 
Applying now Lemma 12.61 we obtain 



Hx) - uixo)\ < ^-^i\Yix) - uit)\ + \Yixo) ~ u(t)\) 
1 ^ Za 



a 



2(1 - 2a) 



i\Fix)-\um + \Fixo)~\um) (3.10) 



+ ^;^[(i-N^) + (i-|.on], 

where the harmonic functions Y and F are defined by (I2.37P and ()2.38p . To con- 
tinue, we use the following result due to Gilbarg and Hormander see jini Theo- 
rem 6.1 and Lemma 2.1], 

Proposition 3.3. The Dirichlet problem Au = f in fl, u — uq on dfl G has a 

unique solution u G C^'°', for every f G C"'", and uq G C^'°', and we have 

|u|l,„<C(|Mo|l,a,9n + |/|o,a) (3.11) 

where C is a constant. 
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Applying (jS.lip on harmonic functions Y and F, according to ()1.6|) . ()1.7p and 
1.81). we first have 



\Y{x) - u{t)\ + \Y{xo) - u{t)\ < 2CK{1 - r) (3.12) 

and 

\F{x) - |«(i)|2| + \F{x^) - \u{m < ACK{\ - r). (3.13) 
Combining (|XTU1) . ((XT^ and (jXT^ we obtain 

1-a 4Cifa 6 



|M(a::) - u{xo)\ < 
Thus for 



2CK 



C3{a,b,K,n) = 2CK 



1 - 2a 2(1 - 2a) n(l - 2a) 
1 - a ACKa 



(1-r). (3.14) 



1 - 2a 2(1 - 2a) n(l - 2a) 
we have 

Q<c^{a,b,K,n){l-r). 
Inserting this into (j3.9p we obtain 

|Vu(a;o)| < C2(a, 6, n, u){l + cz{a, b, K, n)) — C4(a, b, K, n, u). 
Since xo is arbitrary point of the unit ball the inequality (|3.8|) is established. □ 



Whether Theorem 13.21 holds replacing the condition 0<a<l/2byO<a<cx3, 
is not known by the author. However adding the condition of quasiregularity we 
obtain the following extension of Theorem 13.21 



Corollary 3.4. Assume thatu : — > M" is a K— quasiregular, twice differentiahle 
mapping, continuous on _B", and u\sn-i G C^'". // in addition it satisfies the 
differential inequality 

I Au| < ajVitp + b for some constants a,b > (3.15) 

then 

\Vu\<Cs{K,a,b,u). 

Proof. From (jl.Sp we obtain for i = 1, . . .n 

1 /(Vu)" iVuJ? iViil" 

— < '— < J < J ^ < K (3.16) 

and hence 

\Vu\<K^'''\Vu,\2. (3.17) 

Thus for every i = 1, . . . , n 

\/^u^\<aK^'''\^u,\l + b. (3.18) 
The conclusion follows according to Theorem 13.61 □ 

In the rest of the paper we will prove an analogous result for arbitrary a and b. 
The only restriction is u being a real function, i.e. m — 1. 

Theorem 3.5. Let B"{xo,ro) C D C and let x ■ D C [-1,1] be a 

mapping of the class C^{D) satisfying the differential inequality: 

|Ax|<a|VxP + & (3.19) 
where a and b are finite constants. Then we have the estimate 



|Vx(a;o)| < C5(a,6,n,x) (1 H ■ ■ I 



(3.20) 
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If a < Cn then €5(0,6, rt,x) can be chosen independently of x o-nd (|3.20p is an a 
priori estimate. 

Proof. Let us consider a twice differentiable function 0(i), — 1 < i < 1 and (p{x) — 
(j){x{x)). The function ip satisfies tlie differential equation 

A(p = 0"|Vxl' + 0'Ax. (3.21) 

Using (|3.19p we obtain 

Avp >(</."" al^'DlVxp-H^/-'!. (3.22) 
Taking 0(i) = e^"* we obtain 

A(/j > 2a2e"2a|y^|2 _ 2a6e2". (3.23) 



The conditions of Lemma l2.ll are therefore satisfied by taking a = 206^", f3 — 
2a^e~^°, and 7 = 2a6e^°. Hence we conclude that (I3.20p holds for 05(0, 6, n,x) — 
ci(a, 6,a,/3,7,n, x). □ 

Theorem 3.6. Let x - ^ ^ be continuous in R^, x|s" S C^^; xls"-i € C^-" 
and satisfy the inequalities 

|Axl <«|Vx|' + fo, xeB^, (3.24) 

lxls-i|i,«<^ (3.25) 

where < a,b,K. Then there exists a fixed positive number cq — ce^a^b, K,n,x), 
which do not depends on x for a < Cn |/|x|oo such that 

|Vx(a;)| < C6, xe B'\ (3.26) 

Remark 3.7. The condition |x|s"-i|i.a < K of Theorem 13.61 is the best possible, 
i.e. we cannot replace it by |x|si-i|i ^ K. For example O. Martio in [28] gave an 
example of a harmonic diffeomorphism u> = P[/], of the unit disk onto itself such 
that / S C^{S^) and Vw is unbounded. This example can be easily modified for 
the space. For example we can simply take u{xi, X2, ■ ■ ■ , Xn) = P[f] {xi,X2)- Then 
u\gn-i G but Vu is not bounded. 



Proof. The proof follows the same lines as the proof of Theorem 13.21 The only 
difference is applying Theorem 13.51 instead of Theorem [ST] and Lemma [^771 instead 
of Lemma \TI^ to the function xo = xi^)/^^ where M = max{|x(a;)| : x e _B"}. 
Let Xo = rt G i?™, t G 5""~^. From Theorem l3.5l we conclude that the inequality 

(3.27) 



f M ^ f V N , max|^,_^„|<^„ |xo(a;) - Xo(a^o)l ^ 
|Vxo(a;o)| < C5(a,5,n,x) (1 H — I 



holds. 

We shall estimate the quantity 



Q= max IxoCt) - Xo(a;o)|- 

\x—xo\<l—r 



First of all we have 



\xo{x) ~ xo{xo)\ < \xo{x) - Xo{t)\ + \xo{xo) - Xo{t)\ for \x\ < 1. (3.28) 
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Applying now Lemma 12.71 we obtain 



\xoix) - XoMl < 



a 



\hP{x) - e''^°(*)| + \hP{xo) - e'^^^oW] 



(3.29) 



^e"(l-N + l-|xo|), 
n 



where the harmonic functions and /i™ are defined by (I2.4f p and (|2.42p . Applying 
(|3.f f p on harmonic functions and /i™, according to (|1.6p . (|1.7p and (|1.9p for 

n = e"* and T2 = e""*, we first have 



\hP{x) - e"^o(*) \ + \hP{xo)- e'^'^°(*) I < 2ae"Ci4:(l - r) 



and 



- e-"x°(*)| + j/i^lxo) - e-"x«(*)| < 2ae"Cif(l - r). 
Combining ((3?29)) - ((33T|) we obtain 

4a% 



\Xoix) - Xoixo)\ < 



(1-r). 



(3.30) 
(3.31) 

(3.32) 



Thus for 



C7(a, b, K, n) = ACKe 



2a 



we have 

Q<C7{a,b,K)il~r). 
Inserting this into (|3.27p we obtain 

|Vxo(a;o)| < C5{a,b,n,x){l + C7{a,b,K,n)) = CQ{a,b, K,n,x)- 

Since xq is an arbitrary point of the unit ball the inequality p.26p is valid for 
C6(a, b, K, n, x) = c'e{a, b, K, n, x) • M. □ 



4. Applications-The proof of Theorem C 

4.1. Bounded curvature and the distance function. Let f2 be a domain in 
M" having a non-empty boundary dQ. The distance function is defined by 

d{x) = dist{x,dfl). (4.1) 

The function d is uniformly Lipschitz continuous and there holds the inequality 

\dix) ^ diy)\ < \x - y\. (4.2) 

Now let dil £ C^. For y G d^l, let v{y) and Ty denote respectively the unit inner 
normal to dil. at y and the tangent hyperplane to dil at y. 

The curvature of d^l at a fixed point yo G d^l is determined as follows. By the 
rotation of coordinates we can assume that a;„ coordinate axis lies in the direction 
y{yo)- In some neighborhood Af{yo) of yo, is given by Xn = fi^'), where 
), ip G C^iT^yo) nAf{yo)) and Vip{y'o) = 0. The curvature of 
dfl at yo is then described by orthogonal invariants of the Hessian matrix D'^cp 
evaluated at yo- The eigenvalues of D'^ip{y'Q), k\, . . . , k„_i are called the principal 
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curvatures of dQ at yo and the corresponding eigenvectors are called the principal 
directions of dfl at yo- The mean curvature of 9f2 at yo is given by 

-j^ n— 1 

H{yo) - — - = ^^(yo)- (4.3) 

n — 1 ^ — ' 

2 = 1 

By a further rotation of coordinates we can assume that the xi, . . . , Xn~i axes lie 
along principal directions corresponding to ki, . . . , k„_i at yo- The Hessian matrix 
D^lp(jjq) with respect to the principal coordinate system at yo described above is 
given by 

D'^fiy'o) = diag(Ki, . . . , K„_i). 

Proposition 4.1. TT Let 57 be bounded domain of class for k > 2- Then 
there exists a positive constant fi depending on fl such that d £ C'^(r^), where 
~ {x £ Q : d{x) < //} and for a; G there exists y{x) £ dQ such that 

Vdix) = lyiyix)). (4.4) 

Proposition 4.2. TT] Let fl be of class C*^ for k > 2. Let xo G F^, yo £ dH, be 

such that \xo — yo\ — d(xo)- Then in terms of a principal coordinate system at yo, 
we have 

D^dixo) = diag(— . . . , , ,0). (4.5) 

1 — Kid 1 — Kn-ld 

Lemma 4.3. Let dil £ - For x £T ^ and y{x) £ dil there holds the equation 

Ad(x)^g r'^t^rll - (4-6) 

If for some xo € ^, the mean curvature of yo = y{xo) £ dfl, is positive: then —d{x) 
is subharmonic in some neighborhood of yo - In particular if fl is convex then the 
function 3 x i-^ —d{x) is subharmonic. 

Proof. The equation (|4.6p follows from (|4.5p and (|4.9p (it is a special case of the 
relation (|4.1ip taking u{x) = x). If is convex then for every i Ki > 0. Hence 
A{—d{x)) > and thus —d{x) is subharmonic. □ 

Lemma 4.4. Let u : — > il' be a K q.r. and x = —d{u{x)). Then 

|Vx| < \\7u\ < i^2/"|Vx| (4.7) 

in li^^(rp) for ^ > such that 1/ ^ > kq — max{|Ki(x)| : x £ dfl, i — l,...,n— 1}. 

Proof. Observe first that Vd is a unit vector. From Vx = — Vd • Vit it follows that 

|Vx|<|Vd||V7.| = |V7.|. 

To continue we need the following observation. For a non-singular matrix A we 
have 

inf Ua;p = inf I Ax, Ax) = inf (A^Ax^x) 

\x\=l \x\ = l \x\ = l ^ ' 



= iiif{A : 3x ^ Q,A*Ax = Ax} 

= inf {A : 3x ^ 0, AA^Ax = \Ax} 

= iiif{A ■.3y^Q, AA^y = \y} ^ inf \A^x\^. 

\x\ = l 



(4.8) 
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Next we have Vx = — (Vm)* • Vrf and therefore for x e u^^(r^), we obtain 
|Vx| > inf |(Vw)*e|= inf \S/ue\ = l{u) > K-'^''"'\Vu\. 

|e| = l |e|=l 



The proof of (|4.7|) is completed. 

□ 

Lemma 4.5. Let D and C M" he open domains, and dfl be a hypersurface 
homeomorphic to S"^^ . Let u : D ^ Q be a twice differentiable K quasiregular 
surjective mapping satisfying the Poisson differential inequality. Let in addition 
x{x) = —d{u{x)). Then there exists a constant ai = C{a,b, K,D,) such that 

\Axix)\ <ai|Vx(a;)|2+fe 

in u^^{T^) for some /i > with 1/ fi > kq — inax{|Ki(?;)| : y e dfl, i — 1, . . . , n~ 1}. 
If in addition u is harmonic and Vl is convex then x is subharmonic forx G u^^{T 

Proof. Let y e By the considerations taken in the begin of this section we can 
choose an orthogonal transformation Oy so that the vectors Oj,(ei), i = 1, . . . , n — 1 
make the principal coordinate system in the tangent hyperplane Ty of 917, that 
determine the principal curvatures of and Oj,(e„) = v{y). Let G -B". 
Choose yo € d^l so that c?(u(a;o)) = dist (■^(xo), yo)- Take :— Oygdfl. Let 
d be the distance function with respect to d^l. Then d{u) = d{Oyg{u)) and 
x{x) = -d{Oyg{u{x))). Thus 



^X{x) = -J2D^d{Oy„{u{x))){Oy,\/u{x)e„Oy,^u{x)e,) 



i=l 



(4.9) 



- {Vd{uix)),Au{x)) . 

Next we have 

I {Vd{u{x)), Au{x)) I < |Au| < a|VMp + b. (4.10) 

Applying (g^D 

n 

J2D^d{Oy,{u{xo)))iOy„{Vu{xo))e,,Oy„{Vu{xo))e,) 

n 71 

= J2Y1 ^hkd{Oy„{u{xo)))D,{Oy„u)j{xo) ■ Di{Oy„u)k{xo) 

i=l j.k=l 

(4.11) 

= Yl Dj-kd{Oyo{u{xo))){{Oy,\/u{xo)Yej,{Oy,\/u{xo)Yek) 

3,k=l 

= E7^~l(0^oVu(a:o))*e,p. 
Kid 

Since the principal curvatures bounded by kq, combining (|4.9p . (|4.10|1 . 

(|4.1ip and (|4.7p . and using the relations 

\{Oy,Vu{x^)fe,\^ - |(V«(xo))*0* < \^u{x^)\\ 



Va 
-1 / 



we obtain for x £ u (F 



|Ax| <if^/"(a+--^^)|VxP + 5, (4.12) 

i — flKo 
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which is the desired inequahty. □ 

A K q.c. self-mapping / of the unit baU need not be Lipschitz continuous. 
It is holder continuous i.e. there hold the inequality 

\f{x) ~ f{y)\ < M,{n, K)\x - (4.13) 

See [6] for the details. See [27] for the extension of the Mori's theorem for domains 
satisfying the quasihyperbolic boundary conditions as well as for quasiconvex do- 
mains. 

Under some additional conditions on interior regularity we obtain that a q.c. 
mapping is Lipschitz continuous. 

Theorem 4.6 (The main result). Let u : -B" —i-Qbea twice differ entiahle quasi- 
conformal mapping of the unit ball onto the bounded domain fl with boundary 
satisfying the Poisson differential inequality. Then "S/u is bounded and u is Lipschitz 
continuous. 

Proof. From Lemma 14.51 

|Ax| <ai|Vx|^ + &i forxer^. 

On the other hand, by a theorem of Martio and Nyakki ((SHj) u has a continuous 
extension to the boundary. Therefore for every x £ 5""^, lim^^^: xiu) = x(.^) = 0- 
Let X be an extension of the function xUe«-i(r,,) in (by Whitney theorem 
it exists [39]). Let 6o = max{|Ax(a;)| : x e B" \ u^'^(T ^,/2)}. Then 

|Ax| <ai|VxP + 6i+&o. 

Thus the conditions of Theorem 13.61 are satisfied. The conclusion is that Vx is 
bounded. According to (|4.7[) Vu is bounded in u~^{r^) and hence in _B" as well. 
The conclusion of the theorem now easily follows. □ 

Let u = P[f]. Let S = S{r,6) = ^(r, ^, 6ii, . . . , 6l„_2), e [0, 27r] x [0,7r] x 
••• X [0, tt] be the spherical coordinates and let T{6) = S{1,0). Let in addition 
X = f{T{9)) and n^; be the normal on dVl defined by the formula xix — x^p x. xg^ x 
• • • X xe^_2- Since f{S^~^) = dVl it follows that 

= \n-j,\vx = Dx ■ (4.14) 

where is the unit inner normal vector that defines the tangent hyperplane of dO, 
at a; = f{T{e)) 

TP:-^ = {y:{x-y,Vx)^0}. 

Since is convex it follows that 

{x — y, Vx) > for every x £ dft and y G ^. (4.15) 

Let in addition u{S{r,0)) — (?/i, yi, . . . , y„). Then in these terms we have the 
following corollary. 

Corollary 4.7. If u is a q.c. harmonic mapping of the unit ball onto a convex 
domain il with boundary, then: 

Ju e L°°(B"), (4.16) 

4{t) := hm Mrt) G L^{S"-^), (4.17) 

r— >1 
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and there hold the inequality 



dist{u{o),dny 



(4.18) 



where K is the quasiconformality constant. 

We need the following lemma. 

Lemma 4.8. Let A : M" M" be a linear operator such that A — [a^Ji „. // 

A is K quasiconjormal, then there hold the following double inequality 

^1 — n I ^ |n— 1 

Here x 



1^1" ^\xix- ■ ■xxn-i\ < \AxiX- ■ -xAxn-il < | A]"""^ X • • • X a;„_i | . (4.19) 
denotes the vectorial product. Both inequalities in (14.19^ are sharp. 



The author believes that the Lemma l4.8l is well-known, and its proof is given in 
the forthcoming author's paper |24| . 



Proof. Since (in view of Theorem 14. 6p Vu = {DiUj)^^^^ is bounded, every har- 
monic mapping DiUj is bounded. Therefore there exists Vij E L°"{S"~^) such that 
DiUj = P[vij]. Thus limr^i DiUj{rt) = Vij{t) for every i,j. The relations ()4.16p 
and (|4.17p are therefore proved. On the other hand since yj — Uj o S, j — 1, . . . ,n, 
we have for a.e. t = 5(1, 9) g S'^~'^ the relations: 



lim yi:^{r,0) = Xi^{d), i e {1, . 



= x^g^{9), i e {1, . . . j e {1, 



i}, (4.20) 
n~2}, (4.21) 



and 



limy.,(r,0) = lim^^^^l-^^, ^e{l,...,n}. (4.22) 

r— >1 r— >1 1 — r 

From Km . ((43T|1 . (14:22)1 and dl]) we obtain for a.e. t = S'(l, 6*) G S'"--^: 



lim Juosir, 0) = lim 

r — >1 r — ►I 



XI— yi 


X2 — y2 






1-r 


1-r 




a;2i^ 








^7101 









= lim 



1 + r 



r-^i75„-i |77-a;|" 



Xl-fl{v) ■•■ Xn-fn{v) 



Xl9i 



XnBi 



lim 



1 + r 



dcr(?7) 



Using (I4.15P and the inequality 

1 + r 
hm — - 

r^i \ri-S{r, 



2^ie„_2 ■ ■ ■ ^"Sn-2 
-(/(r((?)) -/(,?), n/oT(r(^)))da(r;). 

1 

Q'lln — On-1 
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lim J,o5(r, 9) > I if (Tie)) - /(t?), i.,) da{Tj) 



> ^^dist(u(0),91]). 



we obtain 

:^((/(T(0)),z..)-MO),z..)) 
^(/(T(^?))-u(0),z..) 
|#dist(TP;(- ,^^,u(0)) 

2 

Thus for a.e. t = ^(l, 6) e we have 

From the left side of (I4.19p . using the inequaUty 

|Vu|" > Ju{t) 

we obtain 

> Xi-"|Vw(i)r-i > ifi-"J„(t)("-i)/". 

-DTif) 

Combining the last inequality and (|4.23p we obtain (|4.18p . □ 

4.2. An open problem. It remains an open problem whether every q.c. harmonic 
mapping of the unit ball onto a domain with boundary is bi-Lipschitz continuous. 
This question has affirmative answer for the plane case (see [25]). 
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